A simplified model for a collective dynamics in ionic melts is proposed for the de- 
I. INTRODUCTION
Despite a long history of investigation of ionic melts [1] [2] [3] [4] [5] [6] [7] , they remain an interesting object of study in different aspects [8] [9] [10] . One of the important tasks is the study of collective dynamics in ionic melts since they possess their own features in comparison with binary mixtures of neutral particles 11, 12 . Recent experiments on inelastic X-ray scattering in the melts of NaCl, NaI, CsCl [13] [14] [15] renew an attention and an interest to the collective dynamics in molten salts. In particular, in experiments for NaI 14 the optic excitations were observed on the shape of total dynamic structure factor. Such optic excitations were predicted by means of molecular dynamics (MD) simulations. However, computer simulations reveal an importance of taking into account the polarization processes related with an electronic structure of ions. In the earlier investigations of ionic melts the potentials in the MayerHuggins or Tosi-Fumi form were used. These potentials correspond to the model of rigid ions (RI) and do not take into account polarization effects. However, as it was shown by means of molecular dynamics [16] [17] [18] and ab initio molecular dynamics (AI MD) [19] [20] [21] [22] simulations, the effects caused by ion polarization can play an important role. In particular, the RI models of ionic melt provide different frequency of optic modes in comparison with AI MD 19, 22 . That is why, outer electron shells should be considered with an effective interaction since they can polarize.
Nowadays there exist several models which allow one to take into account polarization processes in the system. Within the framework of polarization models 17 the induced point dipoles are added on the ionic sites. These models were successfully used in the study of the structure and the dielectric properties of NaI, AgI, AgCl melts 18, 23, 24 . Within the shell model 25 used in the study of NaCl melt, the dipoles are supposed to be of finite length and are modelled by a point positive charge of a core and a negative one of a shell, which are connected with a harmonic bond. Fluctuation models 26, 27 operate with point fluctuating charges fixed at certain sites.
Recently, based on the polarizable point dipole model the spectrum of collective modes in ionic melts was theoretically investigated in the limit of small wave vector in Ref. 28 , where the contributions to acoustic collective excitations due to ion polarization were obtained.
It was shown that the influence of the polarization processes over the sound velocity is negligible, however, the sound damping coefficient is renormalized due to these effects, and this is in agreement with ab initio molecular dynamics results 19, 22, 29 . The influence of ion polarization on the corresponding relaxation modes was obtained within the proposed model of collective dynamics as well.
An importance of the polarization effects can be estimated by the shape of a static concentration structure factor 17, 22 , which in the long-wavelength limit has the asymptotics
If the value of high-frequency dielectric permittivity ε is about 2 or higher the polarization effects are essential, whereas for the rigid-ion model ε = 1. In the works 17, 20 it was shown that the polarization processes lead to a sufficient redistribution of the contributions from collective modes to concentration dynamic structure factor. Herewith, the contribution from the relaxation mode related with the conductivity of the system increases whereas the one from optic modes decreases in comparison with the rigid-ion model.
Another interesting object of study is optic excitations in ionic melts. Here the importance of consideration of polarization effects is clearly defined. In particular, as it was shown by means of computer simulations, the RI models of ionic melt provide an overestimated frequency of optic modes in comparison with AI MD 19, 22 in the region of small wave vectors.
And vice versa, the coefficient of damping of optic modes is underestimated in RI models.
It is available a number of works which report the results of computer simulations 17, 19, 20, 22 , however, there is a lack of studies devoted to the theoretical description of the problem.
That is why in the present paper we are focused on the theoretical study of the influence of ion polarizability on the longitudinal optic excitations in ionic melts. We will propose a simplified model of collective dynamics which allows us to take into account polarization effects and to describe the softening of frequency of optic modes in comparison with the model of rigid ions. The structure of the paper is the following. In the second section we present basic relations of the polarization model of the ionic melt and the approach of generalized collective modes (GCM). In Sec. 3 we propose the model of collective dynamics, within its framework we obtain the analytical expressions for collective modes and time correlation functions. Here we also provide some quantitative comparison of our results with the data available from computer simulations. In the last section we summarize the obtained results.
II. MODEL AND METHOD
A. Ion-polarization model of ionic melt
In our study we use the ion-polarization model of the ionic melt which can be presented as follows. The system consists of N a classical ions of species a (a = 1, 2 or +, −) with a charge Z a e and an induced dipole moment. In general case, both negatively and positively charged ions can polarize. However, in the case of a number of ionic melts the polarizability of anions is much more than the polarizability of positively charged ions due to a larger number of electrons on the outer shell. Due to the interaction with an electric field E j , the dipole moment d a j induces on the j-th ion:
where α j is a polarizability of the j-th ion in electric field
Here, E q j denotes the field induced by all the charges except the j-th one, and E d j is the field due to all dipole moments except the j-th one, r ij = |r i − r j | is the distance between ions.
f ab (r ij ) is the damping dispersion function 30 .
As a result of the interaction between dipoles and between charges and dipoles, the dipole moment of ion changes and leads to their rotational motion. Thus, the Hamiltonian of the system can be presented in the following form:
Here, p j is a momentum of the j-th ion, m a is a mass of an ion of species a, w j is an angular velocity (w T j stands for transposed vector). J j denotes an inertia tensor of the j-th polarized ion (ionic dipole) determined relatively its center of mass. U ion can be presented in the following form 17 :
Φ ab (r ij ) denotes an ion-ion interaction potential:
where ϕ sh.r.
ab (r ij ) is a short-range potential containing an overlap repulsive part. Its form depends on a system considered 31, 32 . Z a , Z b are the valences of the ions of the corresponding species, e denotes an electron charge. The second term in Eq. (5) is from the "dipole-charge" interactions, the third one is from the "dipole-dipole" interactions. The fourth term denotes the energy necessary to create N = a N a induced dipoles 33 . The last term corresponds to the short-range damping polarization.
B. Generalized collective modes approach
In order to study the effect of ion polarization on optic excitations we use the approach of generalized collective modes 34 . This approach is based on the equations for time correlation functions which can be obtained by means of various methods, in particular by the Zubarev nonequilibrium statistical operator method 35 or by the Mori projection operator method 36 .
In the Laplace representation these equations can be written down as follows:
whereF
are the Laplace transform of the time correlation function
built on the dynamic variables {â l,k }. Here, iL N is the Liouville operator corresponding to the Hamiltonian of the system. In Eq. (7) I denotes a unit matrix, iΩ(k) is a frequency matrix andφ(k, z) is a matrix of memory functions. In the Markovian approximation for the memory functions it is convenient to write down the equations for time correlation functions in the following form
where
is the generalized hydrodynamic matrix. The problem of finding of collective modes in the system reduces to the eigenproblem of matrix T(k):
where X α (k) are the eigenvectors corresponding to the eigenvalues z α (k). When the eigenvalues and eigenvectors of the matrix T(k) are known the solution of Eq. (10) for the Laplace transforms of the time correlation functions (9) can be written as follows:
Here, G lm α (k) are the complex amplitudes defining the contribution from each collective mode to the time correlation functions:
Then, within the framework of the GCM approach the time correlation functions can be presented as a sum of the contribution from corresponding collective excitations
This is a great advantage of the method because it allows one to select and to investigate the processes in the system which are of particular interest. We will use this advantage in the study of optic excitations in ionic melts.
III. COLLECTIVE MODES AND TIME CORRELATIONS FUNCTIONS A. Simplified model of collective dynamics
In the region of small wave vectors the dispersion of longitudinal propagating collective excitations in the ionic melts can be well described using the dynamic variables of the longitudinal components of total mass current (momentum)Ĵ t k and charge currentĴ q k (in contrast to the region of large values of wave vector, where the collective dynamics is properly described in terms of partial currents) 22 . Therefore, to study the longitudinal excitations the set of variables should contain these operators as well as theirs first time derivatives:
Here, the total mass and charge currents, respectivelŷ
are expressed via the partial currents:
In order to take into account the polarization processes we introduce the corresponding dynamic variabled
which describe the induced dipole moment d a l Eq. (1) of the ions of species a. Based on the dynamic variables (16) , (19) we can study the influence of polarization processes on the longitudinal dynamics in ionic melts. As it was shown earlier by means of computer simulations 22 , the propagation of acoustic excitations is related with the fluctuations of mass current, whereas fluctuations of charge variables correspond to optic modes. It also should be noted that the "t−q" correlations are weak enough in ionic melts in the region of small k 22, 37 . Taking this into account and the fact that we are interested in the influence of polarization processes on optic modes, we will consider a simplified model for collective dynamics which is based on the model A (2) built on the dynamic variables of charge current and its time derivative only: For the NaCl, NaI, LiBr and some other melts it is typical that the polarizability of ions of one species is much more then the other one. That is why we consider the situation when only the negatively charged ions are polarized. In such a case a minimal set of dynamic variables
should contain the charge current, its time derivative and the variable of the induces dipole moment of the negatively charged ions:
For the sake of further simplicity of calculations, it is convenient to pass to the orthogonalized set of variables:â
Calculating the flow of the dipole moment we obtain
where w 
Taking into account the symmetry properties and relation (25) we get the following results for γ(k) and C 3 (k):
which should be considered in the long-wavelength limit.
In order to find the collective modes we should calculate the eigenvalues of the generalized hydrodynamic matrix T(k) = −iΩ(k) + ϕ(k). Here, the elements of the frequency matrix are expressed by the relation iΩ lm (k) = ȧ l,kâm,−k (l, m = 1, 2, 3). It is easy to check that in our case the frequency matrix has the following form:
is expressed via the static correlation functions. The matrix of memory function can be written as follows:
The memory functions are calculated in the Markovian approximation ϕ lm (k) =
They are built on the generalized flows I l,k = (1 − P )iL Nâl,k , where
is the corresponding operator projecting on the space of dynamic variables. For a detailed study of the memory functions (29) let us consider the generalized flows. Taking into account Eqs. (22), (23) we obtain
Thus, we can write down:
Calculating the flow ofĴ
with longitudinal components of
in the long-wavelength limit we get that ϕ JJ (k) = ϕ q + O(k 2 ), where ϕ q = 4πσ/ε (σ is the ionic conductivity coefficient).
is the normalized coefficient of rotational diffusion of the polarized ions. And at the end, the memory function ϕ 23 (k) can be presented as ϕ 23 (k) = δ + O(k), where
The coefficient δ describes the cross correlations between the processes of conductivity and dipole relaxation, which are small in the k → 0 limit.
Thus, the generalized hydrodynamic matrix in the long-wavelength limit can be written down as follows:
For further calculations we pass to the symmetric matrix
Herewith, such a transformation is linear and therefore the obtained matrix has the same eigenvalues as matrix (38) .
B. Softening of optic modes due to polarization processes
To study the effect of polarization processes on the collective excitations we have to find eigenvalues of matrix (39) . Though it is not a problem to solve the corresponding characteristic equation exactly, the results will be cumbersome and unsuitable for analysis.
Instead, since the cross correlations between the charge variables and the dipole one are small, we can use the perturbation theory for collective modes 38, 39 . For this purpose we divide the matrix (39) on blocks corresponding to the subclasses of dynamic variables {â 1,k ,â 2,k } + {â 3,k }, whereâ 3,k is related with the collective variable of dipole moment (19) .
Then, we present the generalized hydrodynamics matrix in the form
Here, T 0 is the generalized hydrodynamic matrix in the zero approximation
eigenvalues of which can be easily found, and
is the perturbation matrix.
The eigenvalues of matrix (40) correspond to the collective excitations in the zero approximation. According to Refs. 38,39 the first corrections equal to zero, and corrections in the second approximation are defined according to relation:
where β can not take values from the subclass α, and
is the perturbation matrix in the representation of eigenvectors of matrix T 0 .
Looking for the eigenvalues of matrix (40) we find collective excitations in the zero ap-
which correspond to the charge variables, and
which corresponds to the dipole relaxation.
Taking into account the fact that for the melts of interest ϕ . Taking into account the coupling between the excitations we obtain the influence of polarization processes on the optic modes.
For this purpose we calculate eigenvectors corresponding to the eigenvalues (45), (46).
The normalized eigenvectors can be obtained in the following form:
Before calculating the magnitude of correlations (42), we find thatT ±d =T d± = δ/ √ 2, and thusT
Further according to Eq. (42) we can calculate the second correlations to the optic exci-
In a similar way, we find the correction to the dipole relaxation mode
(50) Taking into consideration the calculated corrections we can write down the expressions for collective excitations z
α . Combining the results (46) and (49) we obtain the analytical expressions for the propagating excitations with taking into account polarization processes:
is the frequency of optic modes and
is the damping coefficient. From the formulas (45) and (50) we find the dipole relaxation mode in the second approximation in cross correlations:
which has the correction due to coupling with optic modes.
From the relation (52) we see that the frequency of excitations corresponding to the RI model reduces on an additive value, and therefore, taking into account polarization of the ions within the proposed model describes the softening of the frequency of optic modes in the long-wavelength limit. This is in a complete agrement with the results obtained by means of MD simulations within the polarization modes 17 and AI MD 20, 22 . On the contrary the correction to the damping coefficient is positive (53) what is in consistency with the results of computer simulations as well.
C. Mode contributions to the time correlation functions
As it was mentioned above the great advantage of the GCM approach consists in the possibility to present the time correlation functions as a sum of mode contributions 34 [see Eqs. (13) and (15)]. To calculate the corresponding amplitudes (14) we need to find the eigenvectors of matrix (39) . For this purpose let us calculate the corrections to the eigenvectors (47) within the perturbation theory 38, 39 according to the formula
The result is as follows:
Combining the Eqs. (47) and (55) we can write down the matrix X composed of the eigenvectors in the first approximation in the following form:
It is not difficult to calculate the inverse matrix X −1 , herewith, taking into account a smallness of cross correlations we use an approximated relation
Now according to (14) , we can calculate the collective mode contributions to the time correlation functions. However, in Ref. 37 it was proposed to use real amplitudes instead of complex one. In such a case, an arbitrary time correlation function (15) can be presented in a slightly different form
where A α lm (k) is the amplitude from the α-th relaxation mode, and B β lm (k) and C β lm (k) are the amplitudes from the β-th propagating mode with frequency ω β (k) and damping Γ β (k).
In this terms we calculate the correlation function "charge current-charge current"
with the amplitudes
from the relaxation mode and
from the optic modes. As we can see, the amplitude from the effective dipole mode is a quadratic in perturbation and does not provide a main contribution to the correlation function. The amplitudes B JJ and C JJ have the corrections due to polarization processes.
In a similar way we calculated the autocorrelation function FJJ (k, t)
with the corresponding amplitudes Putting t = 0 it is easy to verify that the zero order sum rule A JJ + B JJ = 1 is satisfied.
It should be noted that tending the magnitude of induced dipoles to zero, we immediately turn to the model of rigid ions. Herewith, the formula (58) for time correlation function F JJ (t) reduces to the following expression
Based on the latter the theoretical results in figure 1 were calculated. Figure 2 shows the time correlation function "charge current-charge current" calculated using Eq. (58) within the ion-polarization model of ionic melt (dashed curve). Herewith, the obtained frequency of optic modes with regard to ion polarizability ω q is about 67 ps
whereas the frequency within the RI model ω 0 is more than 70 ps −1 . Thus, taking into account polarization processes we approximate the frequency of optic modes to the value obtained from AI MD, which is about 61 ps −1 (see Ref. 20 ). We also observe a small increase of the damping coefficient from 10 ps −1 in RI model to 11 ps −1 within the considered model.
As we can see from the figure, the obtained result displays the softening of the frequency of optic modes. Taking into account polarization processes we make the theoretically calculated curve closer to the result of AI MD. The simplified model which we considered catches main characteristics only, however it allows us to obtain analytical result as well. It worth noting, that accuracy of calculations can be improved by extending the set of dynamic variables, in particular considering the charge density fluctuations.
IV. SUMMARY
Within the ion-polarization model of ionic melt we considered a simplified model of collective dynamics which allowed us to describe the optic excitations in the system with taking into account the polarization processes. We studied the case when only the negatively charged ions are supposed to be polarized since the polarizability of cations is much less for many melts. In the paper the analytical expressions for the propagating optic modes and the relaxation dipole one are obtained. By means of the perturbation theory the coupling between optic and dipole modes is taken into account. Despite the model is simple enough it allows to describe the softening of the frequency of optic modes due to the effects of ion polarization in the long-wavelength limit in comparison to the rigid-ion model.
On the contrary the damping coefficient of optic modes increases. We also calculated the contributions caused by the polarization processes to the time correlation functions, in particular to the function "charge current-charge current" related with the conductivity of the system. We also carried out a numerical calculation of the correlation function mentioned above, in particular we showed that the theoretically obtained charge current autocorrelation function approximates to the result of AI MD in comparison with the results of the A (2) rigid-ion model and classical molecular dynamics. Therefore, the proposed model of collective dynamics allows us to correctly take into account polarization processes.
The proposed model can be generalized. In particular, in our calculations we were interested in the region of k → 0, however, taking into account the higher terms in k in the generalized hydrodynamic matrix permits to expand the results beyond the long-wavelength limit. The considered model can also serve as a basis for further extensions, in particular, to study the case with both anions and cations to be polarized. One more extension consists in consideration the charge density fluctuations. Such a more complete model is very interesting because it permits studying the charge (concentration) dynamic structure factor with taking into account the polarization processes, what is of particular interest 17, 20 .
